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1 Intro duction

1.1 Benchmarking Symbolic Computations

After the discussionsin a section at ISSAC'98 in Rostock about symbolic
computations bendmarking activities we started to collect and evaluate
benchmark material from seweral sourcesand becameaware of someprob-
lems related with the state of the art of such bendimarks at those times.
Two of them are certral:

1. Most of the bendmark data exists only in printed form, often with
misprints, and is available to the public only with diculties (often
enoughsincethe author changed her/his place of work or eld of in-
terests) and in very di erent formats.

2. There is no agreedupon form, how to set up and evaluate such benc-
marks: What is a fair measureof computing time? How to compare
the quality of the answers beyond CPU time? etc.

A reliable answer to the rst problem would be a widely accessiblecen-
tral digital repository where people can store and publish (at least) their



bendhmark input data for comparisonand reusageby other researt groups.
This requiresnot only to set up suc a repository but alsoto agreeupon a
common data exdhange format and to dewvelop (and provide) tools to store
and retrieve data into/from that format. The main part of suc tools can
be deweloped once and reused by interested parties sinceit requires (gen-
eral) text processingand translating facilities rather than (special) symbolic
computational power.

For the secondquestion note that similar problems arise if software for
symbolic computations is tested. Tests of symbolic software (beyond early
stage 'copy and paste’) require to screenlarge setsof data using batch pro-
cessingand special test beds. The test bed ervironment should prepare
data for input to the tested software, start and monitor its run, and store
and evaluate the output of the computation, i.e., hasto provide tools with
similar functionality asrequired for the repository.

Note that the sametools are useful also for the collection and presena-
tion of bendhmark output data.

1.2 The SymmlicData Pro ject

The SymiwlicData project was set up to unify the e orts of interested peo-
ple in that direction. In a rst stagewe concertrated on the developmert
of practical conceptsfor a corveniert data exchange format, the collection
of existing benchmark data from two main areas, polynomial system solv-
ing and geometry theorem proving, and the dewelopmen of appropriate
tools to processthis data. A tight interplay betweenconceptual work, data
collection, and tools (re)engineering allowed continuously to evaluate the
usefulnessof eat of the componerts.

For easyreusewe concertrated on free software tools and concepts. The
data is stored in a XML like ASCII format that can be edited with your
favorite text editor. The tools are completely written in Perl using Perl 5
modular technology.

Someof our ad hoc conceptsof data represenation changedse\eral times
and (although mearwhile being quite elaborated) surely will partly change
in the future (e.g., lists and hasheswill probably be stored in a more XML
compliant form). Having data available in electronicform (sofar) it wasvery
easyto translate it into the revised formats. Hencethe most diligent part
of the project is the collection of benchmark data and its translation from
the foreign to the current format of the repository. Note that our concept
of data represenation is very exible. The data format can be speci ed
by the userin an easy manner and very broad range, but that topic will



not be discussedin this paper. We refer to [1, 6] and the SymlplicData
documertation for more information.

The SymbwlicData project is part of the bendimark activities of the
German \F achgruppe Computeralgebra”™ who also sponsoredthe web site
[8] as a host for presenation and download of the tools and data dewveloped
and collected so far. We refer to that sourcefor more information about
the SymhlicData project. We kindly adnowledge support also from UMS
MEDICIS of CNR/ Ecole Polytechnique (France) who provides us with the
neededhard- and software for establishingand running this web site.

The project is organizedas a free software project. The CVS repository
is equally open to people joining the SymhplicData project Group. Tools
and data are freely available alsoastar- les (via HTML download from our
Web site) under the terms of the GNU Public License.

1.3 This Paper

This paper gives an introduction into the SymiwlicData collection of ex-
amplesfrom geometry theorem proving (GEO records) and the GeoProver
padkages([5] that provide software capable really to run (with one of the
major computer algebrasystemsMaple, MuPAD, Mathematica, or Reduce)
these geometry theorem proofs.

We give some badkground on geometry theorem proving and a short
overview about the functionality of the GeoProver padkages(sections2 and
3). Then we describe the designof the GEO recordsand the syntax of the
generic GEO code that can be translated to the di erent target languages
(section 4).

The SymimlicData tools canbe usednot only to managesymbolic benc-
mark data but alsoto managesourcecode and documentation of a project
likethe GeoProver. This non standard application of the SymiwlicData tools
(with an alternative data base)will be discussedin section 5.

We conclude (section 6) with someremarks about the e orts required
to really set up benchmark computations with the GeoProver on di erent
platforms (Maple, MUPAD, Mathematica, Reduce)and this GEO data.

2 Geometry Theorem Proving

Many hard problems in polynomial system solving arise from automated
proofsof (elemenary plane) geometricproblems. Synthetic geometry proofs



usually involve tricky argumerts that require a lot of experienceand cre-
ativity to be found. It was an old dream to medanize suc proofs, and
already Fermat knew a general approad: introduce coordinates, translate
all statemerts into algebraic formulas and try to solve the corresponding
algebraic problem by algebraic methods.

The attempts to algorithmize this part of mathematicsfound their culmi-
nation in the 80'sin the work of W.-T. Wu [11] on \the ChineseProver" and
the fundamental book [3] of S.-C. Chou who proved 512 geometry theorems
with this mecdanized method, seealso|[2, 4, 9, 10].

It is a surprising fact that tedious but mostly straightforward manipu-
lations of the algebraic counterparts of geometric statemerts allow to prove
many theoremsin geometry with even ingenious\true geometric" proofs.
Supported by a Computer Algebra System (CAS) for the algebraic manipu-
lations part this approad obtains new power. The method is not automatic,
sinceone often needsa good feeling how to encade a problem e cien tly, but
medanized in the sensethat one can dewelop a tool box to support this
encading and somevery standard tools to derive a (mathematically strong!)
proof from theseencaded data.

Sudch atool box is provided by the GeoProver padkages[5] that are avail-
able for Reduce, Maple, MUPAD and Mathematica. A generalizedsyntax
that can be mapped to ead of the target languagesis usedto store the
proof schemesin the SymiwlicData GEO table.

2.1 Geometry Theorems of Constructiv e Type

Usually geometric constructions can be compiled from a small humber of
elemerary constructions, e.g., drawing a line through given points, con-
structing intersection points, circleswith given parametersetc. In the same
way alsothe algebraictranslation of geometric statemerts can be produced
cascadingonly a small number of elemenary functions and data types.

We write P = Point (x;y) for a point with coordinates (x;y), g =
Line (g1; g2; g3) for the line

f(X;y) t quXx+ gy + gs= 0g
and c = Circle (cy;cp;cz;cq) for the circle
f(x;y) 1 c (X2 + y?) + cox + gy + ¢4 = Og;

Note that the coordinates of lines and circles are homaeneus and de ned
by the corresponding geometric objects only upto a scalar factor.

4



For example, to prove the certroid intersection theorem choosepoints
A := Point (ug;uy); B := Point (uz;uy); C := Point (us; Ug);
with generic(i.e., symbolic) coordinates, compute
A1 = midpoint (B;C); B3 := midpoint (A; C); Ci:= midpoint (A; B);
and evaluate the statemert
is _concurrent (pp_line (A; Aq);pp.line (B;B1);pp.line (C;C1)); (1)

where midpoint (X;Y) returns (a formula for) the midpoint of the line XY,
pp.line (X;Y) computesthe homogeneouscoordinates of the line through
X andY andis _concurrent (a;b;c) returns a polynomial in the coordinates
of the lines a; b;c (in fact, a determinantal expression)that vanishesi these
lines meet at a common point. The return values of all thesefunctions are
(sequencesof) rational expressionsin the coordinates of the formal input
parameters.

To prove a geometry theorem of this type meansto composethe nested
rational expression(1l) and to ched if it simplies to zero. If it does, it
will simplify to zero also for (almost) all special geometric con gurations
obtained from the generic con guration plugging in special numerical values

In general,we say that a geometriccon guration is of constructive type?,
if its generic con guration can be constructed step by step in such a way,
that the coordinates of ead successie geometric object can be expressed
as rational functions of the coordinates of objects already available or al-
gebraically independert variables, and the conclusion can be expressedas
vanishing of a rational function in the coordinates of the available geometric
objects.

Sud a theorem is generically true if and only if its con guration is not
contradictory and the conclusionexpressionsimpli es to zero.

Note that due to Euclidean symmetry even for generic con gurations
someof the coordinates can be chosenin a special way.

2.2 Geometry Theorems of Equational Type

Surprisingly many geometry theorems can be translated into statemerts of
constructive type. Problemscausegeometricobjects derived from non-linear

This notion is dierent from [3].



geometric conditions (angles, circles) sincetheir coordinates usually cannot
be rationally expressedin the basic coordinates. Geometric con gurations
with sud objects require other proof techniques.

For example, given genericpoints A = Point (ai;ap); B = Point (by; by);
C = Point (c1;¢); a point P = Paint (X1;X2) is on the bisector line of the
angle6 ABCi 6 ABP = 6 PBC, or, in GeoProver notation, i

12 _angle (pp-line (A;B);pp-line (P;B)) =
12 _angle (pp_line (P;B);pp.line (C;B))

In this formula 12 _angle (g; h) denotesthe tangensof the angle betweenthe
lines g = Line (01;92; g3) and h = Line (hy; hy; h3) that can be computed as

®hy oihs,
hi+ ghy

This condition on P translates into a polynomial of (total) degree4 in
the generic coordinates and quadratic in the coordinates of P. It describes
the condition for P to be on either the inner or the outer bisector of 6 AB C.
Note that in our algebraization of unordered geometry there is no way to
distinguish betweenthe inner and outer bisectors.

To prove the bisectorintersectiontheoremwe \compute" the coordinates
of the intersection points P of the bisectorsthrough A and B and shaw that
they belongto the bisectorsthrough C. Due to Euclidean symmetry we can
choosespecial coordinates for A and B to simplify calculations.

A:=Point(0,0); B:=Point(1,0); C:=Point(ul,u2);
P:=Point(x1,x2);

polys:={ is_point_on_bisector(P,A, B,0),
is_point_on_bisector(P,C,A ,B)} ;
f o 2Xo+ 2UiXo+ 2X2X1  2XoUpX1 UsXo2+ Up  2Up X7 + Us X12:
2Xo U1 X1 U2 X12 + UsX22Q
polys is a system of two polynomial equations of degree2 in (x1;X2) with
coe cien ts in Q(uz; uy). It has4 solutionsthat correspond to the 4 intersec-

tion points of the bisector pairs through A and B. They can be computed,
e.g., with Maple:

solve(polys,{x1,x2});



2 2%1+ 2u; %1
u %1

u
X2 = %l x1 = 1=2

%1= RootOf 4u, Z*+ 8u;?2 8u,2+ 8u; Z°

+ 4uqup + 4U12U2 4u, + 4U23 Z2%+ 4U22_Z U23

The solution involves algebraic RootOf -expressionsthat require a powerful
algebraic engineto cope with.

Another approad usesdirect reformulation of the geometry theorem as
a vanishing problem of the polynomial conclusion on the zero set of the
system of polynomials that describe the given geometric con guration.

For our example, we ask if the conclusion polynomial

con:=is_point_on_bisect or( P,B, C,A);

2U1%Xo X1+ 2U2 X22U1  2U2X12U7  Up X2+ Up X712+ 2Up X1 Up2
2U22X1X2 2X2Ug X1 U12U2+ 2U22X2 U23+ 2X2U12 2U13X2+
2U23X1  2U7p X2 U2

vanisheson the variety of zeroes of polys regarded as zero dimensional
polynomial systemin Q(uz1;Uuz)[X1;X2]: This follows if the normal form of
con with respectto a Grobner basisof polys vanishes.Hencethe following
Maple computation veri es the theorem:

with(Groebner):
TO:=plex(x1,x2): gb:=gbasis(polys,TO):
normalf(con,gb,TO);

0

In general, this kind of algebraization of geometry theoremsyields a poly-

F S that describesalgebraic dependencyrelations in the given geometric
con guration, a subdivision v = x [ u of the variablesinto dependen and
independen ones,and the conclusionpolynomial g(x;u) 2 S.

A set of variables u is independentwrt. anideall = I (F) i Kk[u]\ I =
(0), i.e., if u is algebraically independert on the variety Z(F) de ned by
F. In most practical applications suc a subdivision is obvious. A strong
veri cation can be derived from a Grobner basisof F wrt. an appropriate
term order.

Z(F) may be decomposedinto irreducible componerts that correspond
to prime componerts P of the ideal | = | (F) generatedby F over the ring
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S = k[x;u]. SinceP corntains | the variablesu may becomedependert wrt.
P . Prime componerts whereu remainsindependert are called generic, the
other componerts are called special. By de nition, ewery special componert
cortains a non zero polynomial in the independert variablesu. Multiplying
them all together yields a non degeneracycondition h = h(u) 2 k[u] on the
independen variables such that a zeroc 2 Z(F) with h(c) 6 0 necessarily
belongsto one of the generic componerts. Hencethey are the \essertial"
componerts and we sa that the geometry theorem is generially true, when
the conclusionpolynomial g vanisheson all these genericcomponerts.

If we computein the ring Sp = k(u)[x] aswe did in the above example,
i.e., considerthe independert variables as parameters, exactly the generic
componerts of | remain visible. Henceif the normal form of gwrt. a Grebner
basisG of F computed in Sy vanishesthe geometry theorem is generically
true. More subtle examplescan be analyzedwith the Grebner factorizer or
more advancedtechniques.

3 The GeoPro ver Packages

To really run medanized geometry theorem proofs as described in the pre-
vious sectionrequires a target CAS and se\eral ingrediens:

(1) The CAS should be capable of the required algebraic manipulations.

(2) We needtools to translate geometric statemerts into their algebraic
courterparts.

(3) We needa \pro of writer" that combinesthesetools and tries to write
(realistic) proof schemesfor given geometry theorems.

(4) The CAS should be able to analyze the algebraic situation (e.g., to
solve systems of equations, to compute Greobner basesand normal
forms etc.)

Topic (1) requires only facilities to compute with rational expressions
and is usually not the bottlenedk for geometry theorem proving. For some
proofs topic (4) may bereally challenging sinceit exploits the full compute
power of the algebraic engine of the target CAS.

On the other hand di erent proof schemesof the sameproblem canyield
algebraic formulations of very di erent run time alsowithin the sameCAS.



3.1 About the GeoPro ver

The GeoProver (formerly GEOMETRY) provides tools for topic (2). It is
a small package for medanized (plane) geometry manipulations with non
degeneracytracing, available for di erent CAS platforms (Maple, MuPAD,
Mathematica, and Reduce) that provides a set of functions to cope with
generic and special geometric con gurations containing points, lines and
circles asintroduced above.

We don't give here a formal description of all these functions but refer
the interested readerto the sample calculations in the previous sectionand
the documertation [5] of the padkage. For sometarget systemsthere is also
a plot extension that allows to draw graphics from scenes,i.e., (of course
special) geometric con gurations.

Altogether the padkage provides the casualuserwith a couple of proce-
dures that allow him/ her to medanize his/ her own geometry proofs. A
rst prototype grew out from a courseof lectures for students of computer
scienceon this topic held by the author at the Univ. of Leipzig in fall 1996.
It was updated and completed to version 1.1 of a Reduce padkage after a
similar lecture in spring 1998. Later on in cooperation with Malte Witte,
at those times one of my studerts, the padage was translated to the other
target systems.

For version 1.2 | prepared a scheme that usesthe SymiwlicData tools
to handle the versionsfor di erent platforms in a unique way. This generic
managemen of the sourcecode usesmany ideas approved during the com-
pilation of the SymtwlicData GEO records. | comebad to that topic below.

Note that for version 1.2 not only the padkage name changed (to avoid
name clasheswith another Maple padkage called 'geometry’) but also the
namesof the procedureswere completely revised.

3.2 Writing Mechanized Geometry Pro ofs

In most casedopic (3) is straightforward, in particular if the geometricstate-
mert is already highly constructive. But in some applications the \pro of
writers" had to dewelop really ingenious and non trivial ideasto write re-
liable proofs that can be run automatically. For example, Wu proposedin
[11] the following constructive proof for the bisector intersection theorem:

Start with the vertices A; B and the (future) intersection point P of
the bisectorsthrough A and B.

Draw the lines c through AB, d through AP and e through BP.



Draw lines u; v derived from c by re ection wrt. to the axesd;e.

Theselines will meetin a point C such that d and e are the bisectors
of AB C through A and B.

Compute is _point _on_bisector (P;B;C;A), i.e., provethat P is also
on the third bisector.

Here is the proof scheme written down in the MuPAD version of the Geo-
Prover language.

A:=Point(0,0); B:=Point(1,0); P:=Point(ul,u2);
c:=pp_line(A,B);  d:=pp_line(A,P); e:=pp_line(B,P);
u:=sym_line(c,d); v:=sym_line(c,e);
C:=intersection_point(u V)

is_point_on_bisector(P, B,CA);

Letter by letter the same proof scheme works also for Maple. Reduce (in

the default settings) does not distinguish between up-caseand down-case
letters and reports e to be protected. Mathematica requires squarebrackets
and doesnot acceptunderscoresasvalid letters for function names. Generic
code handling hasto clear all theseobstacles. Our solution will be described
below.

S.-C. Chou is probably one of the most diligent \pro of writers" who
collectedin [3] more than 500 examplesof geometric statemerts and appro-
priate algebraictranslations.

During our work on the SyminlicData GEO collection we stored (and
partly modi ed and adapted) about 2000f them. We collectedalsosolutions
of geometry problems from other sources,e.g., the IMO cortests, see[7].
Much of this work was done by my \pro of writers", i.e., the students Malte
Witte and Ben Friedrich who compiled rst electronic versionsfor many of
these examples.

4 GEO Records and GEO Code

4.1 About the SymiwlicData Data Base Structure

We mertioned already in the introduction that recordsin the SymtlicData
data baseare stored asASCII les (sd-les ) in a(at) XML like syntax. A
typical example of such a record, the record Parallelogram_2 in the GEO
table, is given on page11. It cortains information and a mecanized proof
schemefor the following geometry theorem:
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HH R R R R R
# Record 'GEO/Parallelog ram 2'

<ld> GEO/Parallelogram _2 </ld>

<Type> GEO </Type>
<Key> Parallelogram_2 </Key>
<prooftype> constructive </prooftype>
<parameters> [ul, u2, u3] </parameters>

<coordinates>

$A:=Point[0,0];  $B:=Point[ul,0] ; $D:=Point[u2,u3 ;

$C:=intersection_ point [par_li ne[$D,pp_lin e[$A,$H],
par_line[$B.,pp_li  ne[$A$D]] I;

$P:=intersection_  point [pp_lin e[$A,$Q,p p_lin e[$B$D]] ;

</coordinates>

<conclusion>

$result:=sqrdist]  $A$P]- sqrdi st [$C,$ P];

</conclusion>

<CRef>

PROBLEMS/Geomet®arall elo gram=> problem description

</CRef>

<Comment>

Feb 10 2002 graebe: translated to GeoProver 1.2 syntax

</Comment>

<Version> ... </Version>
<PERSON> graebe </PERSON>
<Date> Nov 1 1999 </Date>

# End of record 'GEO/Parallelog ram 2'
HH R R R R R

The GEO record "Parallelogram 2'

The intersection point of the diagonalsof a parallelogram is the

midpoint of each of the diagonals.

The sd- les are tight to Perl hashes(sd-records ) by the SymiwlicData
toolsin atransparent way. Henceadditional Perl programming required for
bendhmark activities (the SymtolicData Compute environment is still under
dewvelopmert) can easily accessthe values of the dierent attributes of a
record. In section 6 we describe a bendhmark computation on GEO records
that givesa real estimation of additional Perl programming e orts required
to setup such a computation. Note that sincethe detailed requiremerts of
such a computation are almost unknown to the SymiwmlicData dewelopers it
is di cult (and probably even not worth) to designa reliable interface.
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R R R
# Record 'META/Key'

<ld> META/Key </ld>
<Type> META </Type>
<Key> Key </Key>
<Syntax> KeyName </Syntax>

<description>

Identifying  key of the record. Must be unique within its Type
</description>

<help>

Identifying  key of the record. Must be unique within its Type
</help>

<htm> ignore </htm>
<level> 0 </level>
<order> 3 </order>
<Version> </Version>
<PERSON> graebe </PERSON>
<Date> Jul 6 2000 </Date>

# End of record 'META/Key'
HH B R R R R R R

The MET A record “Key'

Similar recordssharea common structure and are collectedinto tables .
The SymiwlicData geometrytheorem proof schemesare collectedin the GEO
table. The corresponding sd- les are physically stored in a subdirectory GEO
of the SymiwlicData data directory (3SDHOME/Datdy default).

The common structure of the recordswithin such a table is re ected in
a common XML tag structure (attributes ) that is xed in another table {
the corresponding MET A table. This allows for exible extensionnot only
of data but also of data structures and tag syntax restrictions. We refer to
[1, 6] and the SymiwmlicData documentation for more details.

The cortent of a typical META record (the description of the attribute
Key) is showvn on page 12. It is stored in the same format as a data
record and contains information about importance (level ), output order
(order ), HTML handling (htm), verbose and detailed descriptions (help
and description ) of the attribute to be de ned. Note that most of these
tags can be omitted sincethey have default values.

Let us describe the attributes of the GEO recordsin more detail. Sev-
eral attributes are prede ned, i.e., inherited from a \master table". Id, Key
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and Type identify the record within its table resp. within the data base.
ChangeLog CommentDate, PERSO&ahd Version cortain information about
the history of the given record. In particular, the value of the attribute
PERSONMN a referenceto the table PERSOMhat collects information (a li-
ations, email addressesgtc.) of personswho contributed to SymhlicData.
This guarartees a fair authorship managemen of di erent contributions
along the GNU Public Licenseconditions that apply to SymhlicData as a
whole.

The CRefattribute, alsoinherited from the master table, attaches cross
referenceinformation to one of the recordsin the (primary) data base. In
relational data basemodelssud crossreferencesare usually storedin special
relation tables that can easily be searted for di erent keys. We decidedto
put this crossreferenceinformation into one of the main (primary) records
and to provide tools to extract it assecondarydata in SQL compliant form.
This avoids to dewvelop anew elaborated seart and select facilities for the
primary (XML based)data.

Cross referencesin the GEO table usually point to the PROBLEMS
table that corntains descriptions of the geometry theorems to be proved.
Note that di erent GEO recordscan point to the samePROBLEMS record
since there may be dierent proof schemesfor the sametheorem. Other
crossreferencespoint to GEO recordsas foreign keys, e.g., from the INTPS
table of polynomial systemsif the systemis generatedfrom the GEO record,
from the BIB table of bibliographical referencesjf a paper refersto the proof
sthemestored in the record, etc. We will not go into detail about this point
but concertrate on the main attributes of the GEO records.

4.2 The Main Attributes of the SymiwlicData GEO Collection

GEO record proof schemesare divided (roughly) into two typesaccording
to their prooftype attribute: constructive and equational.
The genericvariables are provided as values of two attributes:

parameters alist u of independert parameters
vars alist x of dependert variables(equational proofsonly)

For equational proofsthe variable lists x and u are chosenin suc a way that
u is a maximal independert set of variables for the given algebraic variety
over k[x;u] asde ned above.

Sincethe proof schemesshould translate into di erent target systemswe
need a special languageto write them down. The structure of this special
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GEO code will be described belowv. We continue with the description of
the other attributes.
The following attributes (with GEO code values) are mandatory:

coordinates  assignmeis that construct step by step the generic
geometric con guration of the proof scheme

conclusion the conclusion of the proof scheme (optional if proof
type is deduction )

This already completesthe data required for a constructive proof stcheme.
For equational proof schemesthe following additional (optional) attributes
with GEO code valuesare de ned:

polynomials  alist of polynomial conditions describingalgebraicde-
pendency relations in the given geometric con gura-

tion
constraints a list of polynomial non degeneracyconditions
solution a way to solve the algebraic problem (given in ex-

tended GEO code syntax)

The proof idea can be sketched within the Proofldea attribute asplain text
if not yet evident from the code.

4.3 The Generic GEO Code Syntax

The main reasonto invent a generic GEO code language results from our
aim to run geometry theorem proof schemeson dierent target CAS. A
good but expensiwe idea would be to de ne an appropriate (context free)
programming languageand to write crosscompilersor to invert a reliable
(full) XML markup and to use style sheettranslations. Sincethe syntaxes
of the target languagesare very similar we can avoid thesee orts and de ne
the genericlanguagein such a way, that it can be crosscompiled using only
regular patterns. Due to its elaborated pattern matching facilities Perl is
best suited to realize this approad.

Since proof schemesare composed by a sequenceof assignmes with
nestedfunction calls asright hand sidesreferring to previously de ned geo-
metric objects and rational expressionsaasargumerts the GEO code language
should meet the following requiremerts:

(1) Due to dierent naming corverntions of the target CAS it should be
possible to identify (and substitute) variable, symbol and function
names.
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(2) It shouldeasilybe possibleto map the genericGEO code to the syntax
of the target CAS without name clashes.

(3) It should provide a conceptnot only to translate the proof scheme,but
alsoto run and evaluate it on the target CAS. For equational proof
schemesthis requiresadditional e orts to give a \generic" solution for
the algebraic part of the problem.

For (1) note that in this context the words “variable' and “symbol' are
usedin a slightly di erent meaning comparedto the previous paragraph:
the former are “synbols with values' (e.g., namesfor points, lines, circles),
the latter “symbols without values' (i.e., names for parameters and vari-
ablesin the previous sense). It is a special peculiarity of symbolic com-
putations that these name spacesusually overlap. For geometry theorem
proof schemesthis overlap can be avoided. We use Perl like syntax (i.e.,
\$[a-zA-z][a-zA-z0-9]* in Perl regexp notation) for variable namesand
small letter / digit combinations (i.e., [a-z][a-z0-9]* in Perl regexpnota-
tion { we don't allow capital letters to avoid name clashesboth in Reduce
and Mathematica) for symbol names.

Most CAS use parerthesesboth to group arithmetic expressionsand in
function calls. Sincethis cannot be distinguished within a regular language
we usethe Mathematica corvertion (i.e., brackets) for function call notation.

To compile lists (e.g., in the polynomials part) and to pick up numer-
ators and denominators (e.g., in the conclusion ) the GEO code syntax
provides the additional function namesList , Numerator and Denominator.

For (2) note that if the user follows a slightly more restrictive naming
corvention for symbolsthey map oneto oneto ead of the target CAS. Due
to the common origin almost the same applies to the GeoProver function
names and the syntax of rational expressions. Slightly more e orts are
required for variable names, since typical namesfor points (e.g., C;D;E)
are protected in some of the target CAS. Below you nd the 3-line Perl
script (it is part of the SymhplicData tools) that translates the genericGEO
code to MuPAD.

sub MuPAD

{
local $ =shift;

trANAO):
s/List\[/geoList\[/gs; # since List is nowa key word

sN\$(\w+)/_$1/gs;
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return $_;

}

For (3) we systematically assignthe variable names$polys , $con and
$result to the list of polynomials, to the conclusion (in equational proof
schemes)and to the result (in particular to the conclusionin constructive
proof schemes)if applicable. This allows easily to monitor the results of the
computation. For constructive proof schemesthe translated GEO code {
with the GeoProver padage for the given target CAS previously loaded {
should return 0 (or a list of zercesif seweral conclusionsare to be veri ed).

A generic solution for the algebraic part of equational proof schemes
is given (with the same notational convertions) as value of the attribute
solution . It usesthe following additional \generic" functions:

geo_gbasis[polys,vars]
to compute a lexicographical wrt. vars Grobner basis of polys

geo_normalf[p,polys,vars]
to compute the normal form of the polynomial or list of polyno-

mials p wrt. the given polynomials polys (usually a lexicographical
wrt. vars Grebner basis)

geo_solve[polys,vars]
to nd the zercesof the list of polynomials polys wrt. vars

geo_solveconstrained[polys,y  ars,nondegs]
that works asgeo_solve but take the list of polynomials nondegs
as non-degeneracyconditions

geo_eliminate[polys,vars,eva rs]
to eliminate the variablesevars from the polynomials polys in the
variables vars

geo_eval[con,sol]
to substitute the output sol of geo_solve in the expressioncon

geo_normal[u]
to compute a rational normal form of u

geo_simplify[u]
to simplify u

There are small supplemenary les with collections of function de nitions
for ead of the target CAS that map thesegenericfunctions to the respective
syntax or give a reliable solution using the algebraic tools provided by the
CAS.
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5 Using the SymmlicData Tools for the GeoPro ver
Source Code Managemen t

Seeral points around the GeoProver code managemeh suggestto look for
a genericsolution:

(1) Changesor extensionsof the GeoProver haveto beincorporated into
the padkage sourcesfor ead of the target CAS. This causesproblems for
the version managemen and is a permanert sourcefor code inconsistency
Hence one may ask if some of these changescould be done onceand in a
generic(and consistert) way.

(2) An ecient compilation of geometric con gurations usually makes
good use of geometric \macros", i.e., shortcuts for construction schemesof
standard tasks that are built up from a small number of elemenary steps.

For example, the sertence \construct the circumcerter of the triangle
AB C" can be decaded as\construct the intersection point of the midpoint
perpendicularsof AB and AC".

Sudch macroscorrespond to nested GEO code function calls

circumcenter[$A,$B,$C] =
intersection _point] midpoint _perpendicular[$A,$B],
midpoint _perpendicular[$A,$C]]

The code required to add such a function to the GeoProver pacagesfor
ead of the target CAS could easilybe generatedfrom this genericGEO code
statemert. Of course,this requires much more e orts than the translation
of GEO code proof schemessincethe target CAS greatly di er syntactically
and even conceptually in the way how functions and padkageshave to be
de ned.

(3) The dierent target CAS have very di erent, diering from version
to version and in most casesnot yet thoroughly tuned policies for padk-
agedocumenrtation. This requiresa exible organization of the GeoProver
documertation that keepsthe essetial parts closeto the sources.

Sincethe SymwlicData tools can be combined alsowith alternativ e data
basesl usedthem to managea GeoProver code data base. It consistsof

inline parts for ead of the target CAS with the (CAS-speci c) \inline"
de nitions of the most elemenary functions,

a SymiwmlicData Prover table that collectsinformation about all Geo-
Prover export functions (one per record),
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additional Perl code (SymimlicData action de nitions) to compile the
padage code for the target CAS from these sources.

A typical record (of the function centroid ) of the Prover table is given
belowv. At the momen it provides the function name (attribute Key), syn-
tactical information about the function call (attribute call ), a genericGEO
code de nition (attribute code{ if it is absen this function is de ned in the
inline part), a short (attribute verbose) and a more detailed description.

BB
# Record 'Prover/centroi d'

<ld> Prover/centroid </ld>

<Type> Prover </Type>

<Key> centroid </Key>

<call> centroid[$A::Poin  t, $B::Point, $C::Point] :: Point </call>
<verbose> centroid of the triangle </verbose>

<code>

intersection_poin  t[ meda n[$ A,$B$C], meda n[$ B, $C$A]]
</code>

<description>

Centroid of the triangle <math>ABC</math>
</description>

<Date> Feb 9 2002 </Date>

# End of record 'Prover/centroi d'
HHHH A

The record “Prover/centroid’ in the GeoProver code data base

Now the code basecan be extended easily and in a consistert way with
new macros: De ne a new Prover record and rebuild the sourcesfor the
target systems. For example, to add a new function circumcenter the
record should essetially contain the following information:

<call> circumcenter[$A:: Point,$B:: Pant ,$C:: Pant]: :Point </call>
<verbose> circumcenter of the triangle </verbose>

<code>

intersection_poin [

midpoint_perpendi cular [$ A,$B],midp oi nt_ perpe ndic ula r[ $A,$q]
</code>

<description>

The circumcenter of the triangle <math>ABC</math.

</description>
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6 Benchmark Computations on GEO Records

We conclude this paper with some remarks about the e orts required to
really setup bencdhmark computations on the GEO recordswith the Symlo-
licData tools. We report on the computations for a beta test of MUPAD 2.5
sincethey re ect exemplary thesee orts.

For a rst screeningwe posedthe following general conditions:

(1) We compile all examplesinto a single input le /tmp/mupad.in to
avoid multiple startup overhead.

(2) We cancelthe computation of a given example with the traperror
MuPAD function if it spendstoo much computing time.

(3) We run the computation as batch process
mupad-2.5 </tmp/mupad.in >/tmp/mupad.out &

We use the SymlicData tools to create the required input le. Note
that the tools are driven by the main program symbolicdata . It allows
to accessthe dierent tasks de ned in the basic Perl modules through an
elaborated actions concept. Its synopsisis

symbolicdata [-req file] actions [options] [args]

On start-up, symbolicdata loads all the basic Perl modules, initializes the
data base,parsesthe command-line argumerts up to the mandatory action
argumert(s), and loads the global action hash that species, in a well-
de ned format, all known (or, \registered") actions and their properties.
This action hashcan easily be extendedat run-time usingthe rst (optional)
-req file argumen, wherefile is the name of a Perl module containing
the new action de nitions. It is loaded before the actions are parsed. For
more details we refer to [1, 6] and the SyminlicData documertation.

We usethis extensionconceptfor our goal, composethe required action
de nition, saveit to a le and call it with symbolicdata . You nd the Perl
code for the new SymhnlicData action MuPADTrapCoden page 22.

Someremarks on the code:

The req slot of the action activates the SymiwlicData Perl module
GEO/GEO.pthat cortains functions to map GEO code to dierent
target CAS. Seecode part (1).

The argvcall slot is a special action mode to processall argumerts
at once. It requiresto expand the argumerts (i.e., sd- le names)and
to pick up the corresponding records. This is donein code part (3).
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Code part (2) prints the MuPAD preamble (path setting and initial-
ization code for the MuPAD GeoProver padkage)to stdout.

Code part (4) translates the GEO code of the proof scheme of the
record $r to the MuPAD syntax.

Code part (5) is (almost) pure MuPAD code. It de nes a function
geotest (anew for ead record) with the MuPAD code of the proof
sthemefor the given record that is called later on with traperror and
time to time or interrupt the computation.

The remaining code analyzesthe output of the traperror call and the
content of the variable _result (the translation of $result to MuPAD
code) if the computation nished.

All MuPAD code is sert to stdout and should be redirected to the
desired le.
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HHHH
$ACTIONS> {MuPADTrapCode}
{
req => 'GEO/GEO.pm’, # (1)
argvcall => sub {
print Preamble::MuPAL)
"Pref::echo(FALS E);Pr ef:: promp(F ALSE)\ n"; # (2)
my $maxtime=200;
shift;  my $arg=ExpandArgv(shift );
my (@1,$r,@u);
map push(@$l, Record->new($_)), (@%$arg); # (3)
for $r (@9
{
@u=GEO::CreateSaltion ($r, 'MuPAD") ; # (4)
print <<EOT; # (5)
/l==> Example $r->{Key}
clear_ndg():
geotest:=proc()  begin
$u[1]
end_proc:
print(Unquoted,"# #> $r->{Key} starting");
te:=traperror(pri nt(ti mégeotest() )) ,$maxtime);
if te=0 then
print(Unquoted,"# #> $r->{Key} finished"); print(_result);
elif te=1320 then print(Unquoted,” ##> $r->{Key} timed out");
else print(Unquoted,"# #> $r->{Key} error");
print(prog::error (te ), lasterr or())
end_if:
EOT
}
print  "quit;\n";
h
h
HHHH A

Perl code for the MuPADTrapCodsction
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